Abstract. When working out the errors in discretization formulas, one usually hopes to obtain a mean value type of error. This occurs if the associated Peano kernel is a function which does not change sign. In this paper an expansion is developed which will express any error in mean value form, even when the associated Peano kernel is a function which changes sign.
1. Introduction. Let the degree of a linear functional L be defined as the nonnegative integer n such that L(xl) = 0 for i = 0, 1, . . . , n, and L(xn+i) ¥= 0. Let {x¡} be a set of / distinct points x1 < x2 < . . . < x¡ and a¡-be a set of l(q + 1) coefficients, 1 = 1,2,...,/, and ; = 0, 1, . . . , q, then the linear functionals to be considered are of the form where q < n, the degree of L, and E is the nonempty set of pairs (i, /) such that a{-=£ 0. Assuming that y(x) is infinitely differentiable, y(x) and its derivatives can be expanded about one of the x¡ points, e, and L(y) can be expressed (1.2) ¡Ay) = bn+y+1\e) + bn+2y<n+2\e) + ..., bn+l * 0.
The main result of this paper is the theorem that if the series (1.2) is infinite, then it can always be written as a finite series ending with a derivative evaluated at an unknown point % in (Xj, x,). 2. Mean Value Thoerem. The infinite series (1.2) will be developed by integration by parts and it will be shown that this series can always be written as a finite series ending with a derivative evaluated at an intermediate point £ in (Xj, x¡).
According to Peano's theorem ( [2] and [6] ), the nth degree functional (1.1)
can be written 
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use and integration by parts then gives The quantity E can be expressed in several ways, one way being as an infinite series like (1.2). The operator M(y) is of degree 2 and its Peano kernel, K(t), is a function which changes sign. Following a standard procedure ( [2] , [5] , [6] , [7] ), (3.1) \E\< max |u(2>(x)| f ' \K(t)\dt = \ max |u(2)(x)|.
If the method in this paper is followed, then E could be expressed e = -iM(2>(o) + ¿-«(4)(a -i<\<i, and (3-2) ^K^axJ-K^^V^I-When u(x) = x4 then (3.1) gives \E\ < 6, while (3.2) gives \E\ < 2/5 and the value for E is -2/5. It should be noted that for a function such as u(x) = e20x, formula (3.1) gives a smaller bound on \E\ than formula (3.2).
